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ABSTRACT 

Let  T be a con t rac t ion  o n  a closed convex  subset  C o f  a Hi lber t  space H.  

It  is p roved  tha t  T~x/n t ends  to a l imi t  y as n tends  to infini ty for  every x ~  C 

and that the limit y is independent of x. 

1. Introduction 

Let H be a real Hilbert space and let D be a subset of  H .  A mapping T:  D ~ D 

is called a contraction on D,  or T ~ Cont (D) if 

] Z x -  Ty] < I x -  y] for every x, y e D .  

If  T e Cont (D) it has an obvious unique extension to /3  (the closure of D). There- 

fore there is no loss of generality in assuming, as we shall do henceforth, that D 

is closed. The object of  this note is to study the behavior of Tnx as n ~ m for 

T eCont (D) .  For  clarity of exposition this note is restricted to contractions in 

Hilbert space. Many of the results however, hold also in uniformly convex Banach 

spaces. We start with two well known elementary lemmas. 

LEMMA 1. Let C c H be closed and convex and let x ~ H. 

a) There exists a unique element Pc x ~ C with the property 

] P c x -  x[ < [ y -  x[ for every y e C .  

b) Pc x is characterized by the relations: 

Pcx e C and ( x - P c x ,  y - Pcx) < 0 for every y ~ C. 

c) The mapping x -~ Pc x is a contraction on H.  

The proof  of Lemma 1 can be found in almost every text on linear spaces. 

From Lemma 1 it follows in particular that every closed convex subset C c H 
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has a unique element of minimum norm, namely Pc O, we call it the minimal 

element of C. 

LEMMA 2. Let C c H be closed and convex and let v be the minimal element 

of c if u°~C and i".1-~ Ivl then u. ~ v and  i u . -  vl 2 <- I..I 2 -  iv12. 
PROOF. Since v is the minimal element of C we have by Lemma l(c) 

I v 12 =< (x, v) for every x e C and therefore 

l u . -  vl~ = lu . l~-  2(u , , v )+  Ivt 2 <__ lu.I = -  lvl ~. 
2. The main results 

Let D c H and let A be a mapping of D into H .  We denote by conv(D) the 

convex hull of D and by R(A) the range of A. 

THEOREM 1. Let D ~ H be closed and let TsCo n t (D ) .  I f  

do = inf{[y[: y ~ c o n v ( R ( I - T ) ) }  and d 1 = inf{[y[: y ~ R ( I -  T)} then 

(1) do < l iminf [ T ' X [  <_~ l i m s u p  ]T'x[ < dl for every x ~ D .  
._+ ~ n ._+® n 

PROOF. Let Ixm- ZX. I ~ d ~  Since T'x  m = Xm+ ]~"k=x(T--I)Tk-lXm we 
h ave: 

Irnx. l<=lx=l+nlXm-rxml 
o r  

and lira sup,_+ o~ - -  

'r°xl<=lxml+lX--Xml+lxm_rxml 
n n 

[ T"xl < d~ follows easily. 
n 

Let v be the minimal element of  cony (R (1 -  T)),  [ v [ = do, and let x s D, then 

T'x  + n v =  x + ~ ( v - ( I - r ) r k - l x ) ;  
k = l  

multiplying this equality by v yields 

(T 'x  + nv,v) = (x,v) + ~ ( v -  ( I - T ) T k - l x ,  v) 
k = l  

Since ( I -  r ) r  k- ix e cony ( R ( I -  T)) we have (v - (I - T) r k- 1 x, v) <= O, k = 

1,... n by the definition of v and therefore 

(T 'x  + nv, v) < (x, v) 
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or after rearrangement 

I Z " x l > ' v ' l  I [x l  do x 
n = n n 

and liminf,__ "x, > I T  I do follows. 
n n - - ~  oo 

COROLLARY 1. I f  0 ~ R(I - -  T) then for  every x e D (T"x/n)  ~ 0 as n ~ ~ .  

DEFINITION. Let K c H be closed and let v be the minimal element of  cony(K).  

The set K has the minimum property if  v ~ K .  

THEORE~ 2. Let D c H be closed and let T e C o n t ( D ) .  I f  R ( 1 - T )  has the 

min imum property then 

znx 
(2) lim - -  = - v for  every x ~ D 

,-.oo n 

where v is the unique element of m in imum norm in R ( I -  T.). 

PROOF. Since 

(3) _ T~__x+ x = 1 ~ ( i _ T ) T S _ a x ~ c o n v ( R ( i _ T ) )  
n n h i =  1 

and lim I T"xl ]v] by Theorem 1, we have lira T"x 
- = - v  by Lemma 2. 

,_~® n ,-~o n 

The main restriction in Theorem 2 is the fact that R(I  S_ T) is required to have 

the minimum property. In the next section we shall exhibit some important  

examples in which this is indeed the situation. We conclude this section with a 

sufficient condition for R ( I - T )  to have the minimum property. 

THZOREM 3. Let D c H  be closed and let T ~ C o n t ( D ) .  1f for  some x ~  D 

T " x - T " +  ~ x is strongly convergent then R ( I - T )  has the minimum property. 

PROOF. Let T"x T"+lx  ~ v. From (3) it then follows that T"x - -  - -  ""~" - - V .  II 
NOW, 

( ( I -  T ) T " x -  ( I - T ) u , T " x -  u) > 0 for every u ~ D ;  

dividing by n and letting n ~ ~ we obtain 

(4) (v - w, v) < 0 for every w ~ R(1 - T) .  

Clearly (4) is also true for every w e c o n v ( R ( I -  T)) and therefore v is the 

minimal element of  conv ( R ( 1 -  T)) .  But v ~ R ( 1 -  T) since ( I -  T)T"x  ~ v and 

therefore R(I  - T) has the minimum property. 
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3. Some applications 

LEMMA 3. Let C c H  be closed and convex and let TeCont (C) ,  then for  

~> 0 R(( I  + 2 ) I - 2 T )  contains C.  Moreover, i f  TeCon t (H)  then for  every 

2 > 0 R ( ( I +  2 ) I -  T) = n .  

PROOF. To prove the first part we have to show that the equation 

x = ( l + 2 ) y ~ - 2 T y x  has a solution yz~C for every x e C .  Define 

Way = 1/(1 + 2)x + 21( l+2)Ty .  Clearly ~t'z: C ~ C and by Banach fixed point 

theorem Wz has a unique fixed point yz ~ C which is the desired solution. The 

second part is a simple consequence of the first part. 

LEMMA 4. Let T~Cont (H)  then R ( 1 -  T) is convex. 

PROOF. Let x ~ c o n v ( R ( I - T ) )  and let 2 > 0 ,  x = ( l + 2 ) y x - T y  ~ (see 

Lemma 3) and v = u - T u ,  then 

( ( I  - T ) y z  - ( I  - T ) u ,  y~ - u )  > O 

and therefore 

(x - 2 y ~ -  v, y ~ -  u) > O 

which implies that 2ly~ I is bounded as 2 ~ 0. Let 2,ya --, ~ as n ~ oo, then 

(5) I¢[ 2 < limsupl2yal 2 < ( x - v , ¢ )  for every v e R ( I -  T) 
,t-~0 

Clearly (5) holds also for every v e conv (R( I -  T)) and therefore in particular 

for v = x .  Thus ¢ = 0  and 2 y ~ 0  so that x e R ( I - T )  i.e. R ( 1 - T )  = 

c o n v ( R ( I -  T)) and R ( I -  ~ff) is convex. 

REMARK. Lemma 4 follows easily from the general theory of monotone opera- 

tors. Clearly I - T is monotone, continuous and defined on all of H.  Therefore 

I - T is maximal monotone (see e.g. Minty [5]) and the closure of the range 

of a maximal monotone operator is known to be convex (see e.g. Crandall and 

Pazy [3]). 

Since a closed convex subset of H has the minimum property we have the fol- 

lowing. 

COROLLARY 2. I f  T ~ Cont (H) then for  every x e H ,  Tnx/n --* - v where v is 

the minimal  element of  R(I  - T) .  

LEMMA 5.1 Let C c H be closed and convex and let TECont(C) then R ( I -  T) 

has the min imum property. 



Vol. 9, 1 9 7 1  CONTRACTIONS IN HILBERT SPACE 239 

PROOF. Let T1 = T P c  then T 1 ~ Cont (H) and by Lemma 4 R ( I  - T1) is con- 

vex. Let v be the minimal element of R ( I  - T1), and let v. ~ R(1 - T1), v. ~ v 

and v. = x .  - T l x .  = x .  - T P c x . .  I f  u. = P c x .  then 

u.  e R ( I  - T)  c R ( I  - 7"1) c R ( l  - T1) 

and 
(v. - u. ,  u.)  = (x .  - P c x . , P c x .  - T P c x . )  >= O. 

Therefore, l u .  I < Iv.] which implies u. -~ v by Lemma 2. Thus v e R ( I - T ) .  

Since cony (R ( I  - T) )  ~ -R(! - T1) it is clear that v is the minimal element of  

conv(R(I  - T)).  
It would be interesting to know whether or not Lemma 5 is true in a uni- 

formly convex Banach space. 

COROLLARY 3. Let  C c H  be closed and convex and let T e C o n t ( C )  then f o r  

Tnx 
every x e C ,  - -  ~ - v where v is the un ique  e lement  o f  m i n i m u m  norm in 

n 
R ( I -  T) .  

RES~R~C. It is well known (see e.g. Minty ]-5]) that if T e Cont(D), T has 

extensions T1 = T such that T1 ~Con t (H) .  From Corollary 3 it follows that if 

C is closed and convex T e C o n t ( C )  and T~ ~ T is any extension of T t o  Cont (H) 

the element of minimum norm in R ( I  - 7"1) is the same as the element of mini- 

mum norm in R ( I -  T ) .  

The following result of  Kirk [-4-] and Browder [1] follows easily from Cor- 

ollary 3. 

COROLLARY 4. Let  C ¢ - H  be closed, convex and bounded. I f  T e C o n t ( C )  

then T has a f i x e d  po in t  in C .  

PROOF. Since T ~ C o n t  (C) and C is bounded, IT"x[  is bounded for every 

x ~ C .  By Corollary 3 we deduce v = 0i .e.  O ~ R ( I -  T) .  L e t x .  - T x . ~  O. 

Since x .  ~ C ,  [ x .  [ is bounded. Let x .  k ~ ¢ then (x .  - T x .  - ( y -  T y ) ,  x .  - y )  > 0 

implies ( y - - T y ,  l - y )  < 0 for every y e C. Choosing y to be the solution of  

= (1 + 2)y - 2 T y  (see Lemma 3) we obtain 2(y - T y ,  y - T y )  < 0 i.e. y = T y  

and y = 4. Thus T has a fixed point in C. 

In [-2] Browder and Petryshyn proved the following result. 

THEOREM. Let  T e C o n t ( H )  then T has a f i x e d  po in t  i f  and  on ly  i f  there 

ex is ts  an e lement  Xo e H such that  the sequence {[ T"x  o [} is bounded.  

The following is a simple consequence of this result. 

COROLLARY 5. Let  T e C o n t ( C ) ,  C c H  closed and convex,  then T has a 
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fixed point in C if  and only i f  there exists an element x o ~ C such that the 

seq.ence is bounded 

PROOF. I t  is clear that  if T has a fixed point Xo ~ C then I T"xo l =  I Xo l is 

bounded. On the other hand if for some Xo e C,  [ T"xo ] is bounded so is [ T"x [ 

for every x ~ C  since ]T"x[<=]X-Xo]+[T"xo[ .  Let T x = T P  c then 

Tl"x = T"Pc x and therefore [ Tx"x ] is bounded and T1 has a fixed point Xo ~ H 

i.e. Xo = Tlxo. But the range of T~ is included in C and therefore Xo e C and 

Xo = Txo i.e. T has a fixed point. 

Let C c H  be closed and convex. For T ~ C o n t ( C )  we can summarize our 

results as follows. 

COROLLARY 6. (a) 0 ~ R ( I -  T) i f  and only i f  [ T"x [ is a bounded sequence for 

every x ~ C. 

(b) 0 ~ g ( I -  T) i f  and only i f  [ T"x[/n ~ ~ > O for every x ~ C .  

(c) 0 ~ R ( I - T )  but O ( ~ R ( I - T )  i f  and only ij [ T " x [ ~  +oo and 

[ T"x [In -~ 0 jor every x ~ C. 

We conclude with simple examples of  the three different possibilities. The 

situation (a) arises whenever C is bounded or else T has a fixed point in C.  I f  

T is a translation by a constant vector Xo ~ 0 i.e. Tx  = x + Xo then we have 

the situation (b). Finally let H = R 1 and let 

{~ + 1 for x __ 1 

Tx = + 1 for x > 1 
X 

It  is not difficult to check that  T is indeed a contraction on R 1 i.e. T e Cont (H).  

Furthermore R ( I -  T) = ( -  1,0). Thus 0 e R(I - T) but 0 ¢ R(I - T) .  It  then 

follows f rom Corollary 6 (c) that for every real Xo > 1 the sequence x. defined 

by x.+l = x. + 1Ix. is unbounded and satisfies x./n -~ 0 as n ~ oo. 
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